Abstract. Given two real Banach spaces X and Y with dimensions greater than one, it is shown that there is a sequence {Tn} n∈N of norm attaining norm-one operators from X to Y and a point x 0 ∈ X with x 0 = 1, such that
Introduction
Let X be a Banach space. We denote by X * , S X , and B X the topological dual, the unit sphere, and the closed unit ball of X, respectively. We say that x * ∈ X * attains its norm (or that x * is a norm attaining functional ) if there exists x 0 ∈ S X such that |x * (x 0 )| = x * = sup x∈S X |x * (x)|. It is well-known that the set of all norm attaining functionals NA(X) is always norm-dense in X * . This is the famous 1961 Bishop-Phelps theorem [6] . Shortly after this result was established, Bollobás [7] sharped it in the following way: given 0 < ε < 1/2, x ∈ B X , and x * ∈ S X * satisfying that |1 − x * (x)| < ε 2 /2, there are x 0 ∈ S X and x Among other results, they showed that any pair of finite dimensional Banach spaces have the BPBp and characterized the pairs ( 1 , Y ) to satisfy it via a geometric property on Y . After 2008, a lot of attention was given to this topic and there is a vast literature about the Bishop-Phelps-Bollobás property. We refer the reader to the very recent papers [3, 9, 11, 13] and references therein. It is important to remark that the Bishop-Phelps-Bollobás property has geometric consequences on the involved Banach spaces. For instance, if X is a finite-dimensional Banach space, then all operators from X into any other Banach space Y attain their norm but, unless the dimension of X is equal to one, it is possible to construct a renorming X of X and to find a Banach space Y such that the pair ( X, Y ) fails the BPBp [5, Theorem 3.1].
In the last years, some variations of the BPBp have appeared in the literature. For instance, there is a property, stronger than the BPBp, in which only the operator moves: a pair (X, Y ) of Banach spaces has the pointwise Bishop-Phelps-Bollobás property [14, 15] if given ε > 0, there is η(ε) > 0 such that whenever T ∈ L(X, Y ) with T = 1 and x 0 ∈ S X satisfy T (x 0 ) > 1 − η(ε), there is S ∈ L(X, Y ) with S = 1 such that S(x 0 ) = 1 and S − T < ε. That is, the new operator S attains its norm at the same point at which T almost attains its norm. This property has deep consequences on the structure of the involved spaces as, for instance, if a pair (X, Y ) has the pointwise Bishop-Phelps-Bollobás property, then X has to be uniformly smooth [15, Proposition 2.3] (actually, if Y is equal to the base field, this characterizes uniform smoothness). If (X, Y ) has the pointwise Bishop-Phelps-Bollobás property for every Banach space Y , then the space X also has to be uniformly convex with a power type [14, Theorem 3.1].
Thinking on an "operatorwise" version of the above property, the following definition appeared in [12] (with the name of "property 2"), where it is shown that many pairs of (even finite-dimensional) Banach spaces fail it.
Definition ([12, Definition 2.8]). Let X, Y be Banach spaces. The pair (X, Y ) has property (P2) if given ε > 0, there existsη(ε) > 0 such that whenever T ∈ L(X, Y ) with T = 1 and x 0 ∈ S X satisfy that
then there is x 1 ∈ S X such that T (x 1 ) = 1 and x 1 − x 0 < ε.
For the case when Y is the base field, this property had appeared earlier in [18] , where it is proved that a Banach space X is uniformly convex if and only if the pair (X, K) has property (P2) [18, Theorem 2.1] . On the other hand, it is immediate that the pairs of the form (K, Y ) have property (P2) for every Banach space Y . Our aim in this paper is to prove that, for real Banach spaces, these are the only possible cases in which property (P2) can be satisfied: if the real Banach spaces X and Y have dimension greater than or equal to two, then the pair (X, Y ) fails property (P2).
Let us finally comment that there is a property weaker than property (P2) also introduced in [12] (with the name of property 1) where the function ε −→ η(ε) depends on the operator T . This property is satisfied, for instance, by the pairs ( p , q ) for 1 q < p < ∞ [12] and it has some geometric consequences as it has been pointed out in [21] .
We would like to dedicate this paper to the memory of our dear friend Bernardo Cascales, who passed away last April, 2018. Bernardo was an enormous mathematician who in the last years worked, among many other topics, on the Bishop-Phelps-Bollobás property. His deep knowledge of functional analysis, his enthusiasm, and his nice way to explain mathematics, have had an huge impact both on the BPBp and on the people working on it. We would like to highlight the following references [4, 8, 9] containing his contributions to this field.
The Result
Let us state the main result of the paper. Theorem 1. Let X and Y be real Banach spaces of dimension greater than or equal to 2. Then the pair (X, Y ) fails property (P2). In other words, one may find a sequence {T n } n∈N of norm attaining norm-one elements of L(X, Y ) and a point x 0 ∈ S X , such that
The proof of this result is rather involved, so we will present it divided into several steps. We start with the reduction to the case of X and Y being two-dimensional Banach spaces.
Proposition 2. Let X and Y be Banach spaces of dimension greater than or equal to 2. Suppose that the pair (X, Y ) has property (P2).
Proof. Let ε > 0 be given and assume that the pair (X, Y ) has property (P2) with some functionη(ε) > 0.
Pick a sequence {x n } n∈N ⊂ X with x n −→ 1 and [x n ] = [x 0 ] for every n ∈ N. Consider the quotient mapping Q : X −→ X/X 0 , define the operator T := T • Q, and observe that T = 1 as Q is a quotient map. Then
The hypothesis provides us with y 0 ∈ S X such that T (y 0 ) = 1 and
Then, x n − y 0 < ε and so
Therefore, the proof of Theorem 1 finishes if we are able to prove it for two-dimensional spaces X and Y . This is what we will do in Proposition 5, but we need some preliminary work.
Let X be a 2-dimensional real Banach space. We assume that X = R 2 and we consider the standard unit basis vectors e 1 = (1, 0) and e 2 = (0, 1) of X. The unit sphere S X of X can be represented by the continuous curve γ defined as follows:
Given a point x = γ(θ 0 ) ∈ S X for some θ 0 ∈ R, we call the curve γ x defined by
as the half arc starting at x. For x * ∈ S X * , we define F (x * ) to be the face F (x * ) := {x ∈ S X : x * (x) = 1}. We note that for a given x * ∈ S X * , if γ(θ 1 ) and γ(θ 2 ) with 0 Figure 1 ).
We will use this observation in the following result. More in general, we have for any x * ∈ X * that if x * (γ(θ 1 )) 1 and x * (γ(θ 2 )) 1, then x * (γ(θ)) 1 for all θ 1 θ θ 2 . Figure 1 . The half arc starting at x Proposition 3. Let X and Y be two-dimensional real Banach spaces and consider T ∈ L(X, Y ) with T = 1. Let γ be the half arc starting at x. Suppose that for 0 θ π, the image T (γ(θ)) intersects the unit sphere S Y in three points at 0, θ c and π for some θ c . Also, suppose that there are θ 1 , θ 2 with 0 θ 1 θ c and θ c θ 2 π such that T (γ(θ 1 )) and T (γ(θ 2 )) are in the interior of B Y (see Figure 2 ). Then T (γ(θ c )) does not belong to F (y * ) ∪ F (−y * ) for any y * ∈ S Y * with y * (T (x)) = 1. Proof. Suppose that there exists some y * ∈ S Y * such that y * (T (x)) = 1 and y * (T (γ(θ c ))) = 1. Then
Note that T * y * ∈ S X * . So the points x = γ(0) and γ(θ c ) are both in the face F (T * y * ). By the observation just before this proposition, we get that γ(θ) ∈ F (T * y * ) for all 0 θ θ c . This implies that
for all 0 θ θ c . This shows that T (γ(θ)) = 1 for all 0 θ θ c which contradicts the hypothesis on θ 1 . If we have T (γ(θ c )) ∈ F (−y * ), then we can use the same arguments as before to get a contradiction with the hypothesis on θ 2 .
The most intriguing part of the proof of Theorem 1 for a pair of two-dimensional real spaces is contained in the following proposition which may have its own interest. Proof. We divide the proof in two cases.
Case 1: we assume that X is a Hilbert space. Since Y is finite-dimensional, by using John's theorem (see [22, Corollary 15 .2, p. 121] for example), there is a unique ellipsoid E of maximal volume such that E ⊂ B Y . Since X is a Hilbert space, there is T ∈ L(X, Y ) with T = 1 such that T (B X ) = E ⊂ B Y . Now using [22, Theorem 15.3] , since Y is 2-dimensional, there are at least two linearly independent points y 1 , y 2 ∈ T (B X ) ∩ S Y . Let y * 1 ∈ S Y * be such that y * 1 (y 1 ) = 1. Since the boundary of E does not contain line segments, we get that y 2 ∈ F (y * 1 ) ∪ F (y * 2 ). Before consider Case 2 in which X is not a Hilbert space, we review the proof of [20, Theorem] . Let Z be any 2-dimensional Banach space and let γ be a parametrization of S Z . If two unit vectors z 1 and z 2 are rotated around S Z while their difference z 1 − z 2 has constantly norm equal to ε, the vector 1 2 (z 1 + z 2 ) describes a curve Γ ε . Let r(θ) = γ(θ) 2 where · 2 denotes the Euclidean norm in R 2 . Let z θ be the point where the segment [0, γ(θ)] intersects Γ ε (see Figure 3 ) and let ∆(ε, θ) = 1 − z θ = γ(θ) − z θ . So z θ = 1 − ∆(ε, θ) and z θ = z θ γ(θ). So
Using this and denoting B Zε the region inside Γ ε , we have that
On the other hand, [20, Lemma] says that
And then 
4 . So by (1), there is θ 0 such that
as well as θ 1 such that
It means that there are x 1 , x 2 ∈ S X such that x 1 − x 2 = ε and x 1 + x 2 < √ 4 − ε 2 . By moving one of the points x 1 or x 2 on S X a little, we may assume that those points satisfy x 1 + x 2 < √ 4 − ε 2 and x 1 − x 2 < ε. Now for the Banach space Y , using the continuity of ∆, we can find θ 2 such that
So there are y 1 , y 2 ∈ S Y such that y 1 − y 2 = ε and
Define the operator S : X −→ Y to be such that S(x 1 ) = y 1 and S(x 2 ) = y 2 .
So S(x 1 ) = S(x 2 ) = 1, S(x 1 − x 2 ) = y 1 − y 2 and S(x 1 + x 2 ) = y 1 + y 2 . Moreover,
Multiplying the operator S by 1 − δ for some small δ > 0, we may assume that
Consider γ 1 to be the half arc starting at x1+x2 x1+x2 (see Figure 4) . Then there are 0
Let a := max S(γ 1 (t)) : 0 t t 1 , t 3 t π and b := max S(γ 1 (t)) : t 1 t t 3 .
We may assume that a b. Otherwise, we consider the half arc γ 2 starting at x1−x2 x1−x2 instead of γ 1 . Now we consider two cases.
Subcase 1:
We assume that a = b and we consider the operator T : Analogously, T (γ 1 (t 3 )) < 1. Also, by the definition of a and b, there are s 1 , s 2 such that s 1 t 1 < s 2 < t 3 s 1 + π such that
Let y * 1 ∈ S Y * be such that y * (T (γ 1 (s 1 ))) = 1. Define y 1 := T (γ 1 (s 1 )) and y 2 := T (γ 1 (s 2 )). So y * 1 (y 1 ) = 1 and by Proposition 3, dist (y 2 , F (y * 1 ) ∪ F (−y * 1 )) > 0. Subcase 2: Now we assume that a < b. Let s ∈ [0, t 1 ] ∪ [t 3 , π] be such that a = S(γ 1 (s)) . Define the operator T 1 := 1 a S. Then T 1 (γ 1 (s)) = 1 a S(γ 1 (s)) = 1. Let γ 2 be the half arc starting at γ 1 (s). So (see Figure 5 ) there are 0 < s 1 < s 2 < s 3 < π such that
as well as
Let y * ∈ S Y * be such that y * (T 1 (γ 2 (0))) = 1 and define P : Y −→ Y by
Note that P is a projection with P = 1. For all λ ∈ [0, 1], we define P λ : Y −→ Y by Then ϕ is continuous,
We note that |y * (T 1 (γ 2 (t)))| < 1 for all s 1 t s 3 . Indeed, otherwise there is some s 1 < t < s 3 such that y * (T 1 (γ 2 ( t))) = 1 or −1. We assume that y * (T 1 (γ 2 ( t))) = 1, so
Hence [T * 1 y * ](γ 2 (t)) 1 for all 0 t t and this is a contradiction with the fact that
Also, by the definition of ϕ(λ 0 ), there is s 2 ∈ [s 1 , s 3 ] such that T (γ 2 ( s 2 )) = 1. So taking y 1 := T (γ 2 (0)), y 2 := T (γ 2 ( s 2 )) and y * 1 ∈ S Y * to be such that y * 1 (y 1 ) = 1, one has dist (y 2 , F (y * 1 ) ∪ F (−y * 1 )) > 0 by Proposition 3, as desired.
We are now ready to prove that a pair (X, Y ) with dim(X) = dim(Y ) = 2 cannot satisfy property (P2). As announced, this, together with Proposition 2, provide the proof of Theorem 1.
Proposition 5. Let X and Y be 2-dimensional real Banach spaces. Then there are δ > 0, T n ∈ L(X, Y ) with T n = 1 for every n ∈ N, and x 0 ∈ S X , such that
Proof. By Proposition 4, there exists an operator T ∈ L(X, Y ) with T = 1 so that T (B X )∩S Y contains two points y 1 and y 2 in such a way that for some y * 1 ∈ S Y * with y * 1 (y 1 ) = 1 we have
Let P : Y −→ Y be the projection defined by
For all λ ∈ [0, 1], define
Since T = 1 and y 2 ∈ T (B X ) ∩ S Y , there exists x 0 ∈ S X such that T (x 0 ) = y 2 . Note that if y ∈ B Y \ (F (y * 1 ) ∪ F (−y * 1 )), then P (y) < 1 and P λ (y) is in the interior of B Y for all 0 λ < 1. Therefore, 
